ABSTRACT
INTRODUCTION
Fault tolerant manipulators are essential where high available robots are required including robotic manipulators working in hazardous environments such as nuclear disposal, exploring deep sea and space [1] [2] . The design or control of a fault tolerant manipulator aims to maintain the availability of the manipulator even if a partial fault occurs within its actuators or sensors [3] . The literature surrounding fault tolerant robotics has focused on the design level, including design of fault tolerant manipulators or fault tolerant structures, or the control level includes fault analysis and fault tolerant motion planning or control. Within the design level different structures such as serial [4] or parallel manipulators have been studied [5] , or manipulators with specific fault tolerant properties have been designed. Work within the control level has studied the fault detection [6] , fault isolation and identification and fault recovery [7] . Various strategies such as model based or AI solutions have been proposed.
Serial link manipulators (SLM) have received significant attention in the robotics community. Fault tolerant design of the SLMs can be achieved by adding extra kinematic redundancy which provides serial link redundant manipulators (SLRM) [1] .
The SLRMs maintain their availability to perform the required or prioritized tasks [8] , even if one or more joints fail. While it has been observed that adding kinematic redundancy improves the fault tolerance specifications of these manipulators, it also promotes other static or dynamic properties. This includes higher dexterous movements [9] , lower maintenance and repair costs, obstacle avoidance or capability for motion planning and control with multiple constraints [10] [11] . However, having kinematic redundancy does not guarantee fault tolerant operation of redundant manipulators [12] , as the kinematic redundancy has to be used efficiently for tolerating the fault. In related work by [13] Joint velocity jump (JVJ) was studied for robotic manipulators. Our work in this paper addresses the optimum configuration to achieve a minimum relative joint velocity jump (RJVJ) at any configuration.
The condition number of the Jacobian matrix has been studied as an isotropic dexterity measure for manipulators [14] . It has also been proposed for fault tolerance of redundant manipulators in [15] [16] . As an example, the relative manipulability and worst case dexterity has been used for optimal fault tolerant configuration of the manipulators in [15] [16] . This paper studies the condition number for fault tolerance of redundant manipulators.
The remainder of this paper is organized as follows. The Jacobian of SLRM subjected to a joint failure is studied at first, and then the fault tolerance indices are briefly reviewed in section II. Following this the condition number and its application to fault tolerance is explained and is formulated for the fault recovery in section III. Through this, the optimal configuration of the manipulator is defined by using the optimality of the condition number of the Jacobian matrix presented in section IV. Then it is applied to a 4-DOF planar manipulator and is shown that the concept is consistent with dexterity of the manipulators in section V. Finally the concluding remarks are provided in section VI.
If the manipulator is n-DOF, n is the configuration space dimension and m is the workspace dimension. The degree of kinematic redundancy (DOR) is obtained by n-m. In [17] the number of required redundancy was investigated by applying joint fault possibility and total reliability of the manipulator. In [12] fundamental limits of optimal fault tolerant configuration for SLRMs are studied. The work in [18] introduces a number of self motion manifolds and uses them to characterize the manifolds both in the configuration space and work space.
B. Jacobian of Redundant Manipulator under locked fault/s
Jacobian of the manipulators is indicated by Eq.(5). Jacobian relates the EFF translational and orientation velocities to the joint velocities as indicated by Eq. (6) .
If J k is the k th column of J in Eq. (7), this column indicates the contribution of the corresponding joint velocity (k th joint) into the translation and orientation velocity of the EEF.
Eq. (7) If the manipulator has a fault in its k th joint, then this joint does not contribute into the velocity of the EFF. Based on this observation the Jacobian of the manipulator under an immobilized joint fault is introduced by replacing a 0 vector in the k th column of the manipulator Jacobian. This Jacobian is called the reduced Jacobian which is indicated by Eq.(8)
Then the Jacobian of the faulty manipulator subject to the fault in its k th joint is rewritten as Eq. (9) 
For one possible locked joint failure there are n reduced Jacobian matrices, indicated by Eq. (12) . 2 1 Eq. (12) C.
Fault tolerance indices
The common local fault tolerance measures of manipulators are shown in Table 1 . These measures are based on properties of the Jacobian matrix or the null space of the Jacobian matrix. The measures such as manipulability Eq. (13) and Eq. (16), relative manipulability Eq. (14) and worst case dexterity measures Eq. (17) have been studied for fault tolerance of the manipulators. For example in [15] the optimal configuration and optimal Jacobian for fault tolerant manipulators has been addressed based on relative manipulability. And in [16] it is studied based on worse case dexterity. Condition number Eq. (15) has been proposed for the dexterity of the manipulators and it has not been investigated for fault tolerance of redundant manipulators. The condition number is used as an isotropic dexterity in the literature and it also has been proposed for fault tolerance in [14] . However, it has not been selected for fault tolerance analysis. Therefore our focus is to study condition number for fault tolerance. 
For a SLRM n m  and it is assumed that the manipulator is not in a singular configuration.
B. Modelling a fault as a Jacobian matrix perturbation
Generally modeling a fault in the literature is studied based on the method in section II-B. But a fault can be modeled as a perturbation into the Jacobian matrix which is introduced here. Any non catastrophic fault makes a perturbation into the Jacobian matrix and joint velocity vector. This perturbation 
For a fault tolerant manipulator; it is required to maintain the EEF velocity even when faults occur. 
Eq.(24) can be solved to determine the required joint velocity jump due to the perturbation by using the pseudo inverse. The pseudo inverse of the matrix is obtained by The other definition of condition number is given in table 1 and it is the result of Eq.(29).
Which can be obtained by the ratio of the maximum singularvalues to the minimum singular value as Eq.(30). The condition number can be used for fault tolerance through the framework introduced by Eq.(27) and Eq.(28). Both equations are showing an upper bound of the relative required changes into the joint velocities of the manipulator to compensate for the perturbations due to the faults. Based on this framework, if the condition number is small, or the Jacobian matrix is a well-conditioned matrix, then the configuration is named well-conditioned. In these configurations any fault can be tolerated by a little change into the joint velocities.
On the other hand if the condition number is large, or the Jacobian matrix is an ill-conditioned matrix, then the configuration is called an ill-conditioned configuration. In an ill-conditioned configuration the fault requires a large change into the joint velocities to maintain the EEF velocity. Therefore the configurations with minimum condition number are optimal both from the dexterity and fault tolerance point of view. This matter is true for any combination of locked joint faults. The condition number for a single joint failure is introduced in following section to study the fault tolerance.
B. Condition number due to a single fault
When there is a fault at the k th joint of the manipulator, the perturbation model in Eq.(21) can be written as Eq.(31). 
CASE STUDY OF THE CONDITION NUMBER FOR DEXTERITY AND FAULT TOLERANCE
A. Case study parameters A 4-DOF planar manipulator with D-H parameters in Table 2 is modeled using Matlab Robotics Toolbox [19] . Table 3 presents the manipulator parameters at a given configuration in Fig.1 . . Through this study almost 28000 different configurations for this pose were selected and their condition numbers from the corresponding Jacobian were measured and shown in Fig.2 . This confirms that not all the manipulator configurations for a given pose are well-conditioned as they do not provide a low condition number. It also indicates that there is almost no configuration with a condition number lower than 1.895. Also, the worst ill-conditioned configuration is the condition number close to 5. Two selected configurations with well and ill condition numbers are indicated in Fig.3 and Fig.4 . The range of the condition number depends on the geometric structure and mechanism of the manipulator.
The different case studies have shown consistency in the results presented in Fig.2 . Comparing Fig.2 and Fig.3 motivates that the well conditioned configurations are very similar to the configurations of human arm for most of daily manipulation tasks.
C. Condition number and fault tolerance
As it was mentioned earlier; condition number can be utilized to find the optimum configurations for fault tolerance. These configurations resolve the faults with a minimum change into the relative joint velocity by using the framework shown in Eq.(28). Based on this, when a fault occurs in a wellconditioned configuration it requires lower change in comparison to the ill-conditioned configurations. For example for the well-conditioned configuration in Fig.3 it requires almost 60% lower RJVJ to maintain the EEF velocity in comparison to the RJVJ for the ill-conditioned configuration in Fig.4 . This is valid for any unknown faulty joint.
For validation, the two selected configurations in Fig.3 and Table 4 provides the joint velocities prior to the failure and after the failure for the well-conditioned configuration. The method used is based on the previous work of the authors in [20] . To measure the relative joint velocity jump, the ratio of the norm of the joint velocity change vector to the joint velocity vector has been
In this measure Q  and Q  2 are joint velocity vectors for the healthy and the faulty manipulators (fault is in the 2 nd joint). The similar JVJ has been calculated for ill-conditioned configuration shown in Fig.4 , and the result is indicated in Table 5 . 
D. Discussion
Comparing the relative reconfiguration for joint velocity jumps for these configurations indicates that the well-conditioned configuration requires 55.26% lower RJVJ in comparison with the ill-conditioned configuration. Therefore, the minimum condition number is suitable to find the optimum configurations for fault tolerance. In these configurations, the faults in the joints require lower RJVJ to maintain the velocity of the EEF in comparison to the other configurations.
CONCLUSION
Condition number of Jacobian matrix of robotic manipulators was studied from a fault tolerant point of view. While condition number is commonly used as an isotropic dexterity, it can be used to define optimal configuration for fault recovery. Then a well-conditioned configuration was defined based on the condition number of the Jacobian matrix associated to a given configuration. Finally the framework was used to study the required reconfiguration change for a 4-DOF planar manipulator and the results were presented. 
